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Abstract

In 2012, Wardowski (Fixed Point Theory and Applications 2012 94 (2012)) intro-
duced the notion of a new type of contraction (nonlinear) namely F-contractions and
proved various fixed point theorems for such contractions in the setting of metric
spaces. Recently, Altun and Olgun (Journal of Fixed Point Theory and Applications
22 46 (2020)) initiated the study of F-contractions on vector-valued metric spaces
and introduced the concept of Perov type F-contractions. Following this direction of
research, in this paper, some new fixed point results for Perov type F-contractions
of Hardy-Rogers-Type for self-mappings on spaces equipped with vector-valued met-
rics are presented. Our results are new and generalize several relevant results in the
literature.
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1 Introduction

In 1922, one of the most indispensable results in analysis known as Banach Contraction
Principle was formulated by Banach [2] in his doctoral thesis. This principle asserts that
every contraction mapping on a complete metric space admits a unique fixed point. This
principle is a very effective and popular tool for guaranteeing the existence and uniqueness
of the solution of certain problems arising within and beyond mathematics. This principle
has inspired many researchers in metric fixed point theory. In the last several decades,
several authors generalized and extended the Banach contraction principle in various dif-
ferent ways (see [7, 11, 14, 16] and references therein) by improving contraction conditions,
using auxiliary mappings, and enlarging the class of metric spaces for this kind of results.

In 1964, Banach contraction principle was extended for single valued contraction on
spaces endowed with vector-valued metrics by Perov [12] and Perov and Kibenko [13]. Lot
of Research was done by various authors in this aspect (see, for example, Cvetkovié and
Rakocevié [4, 5], Flip and Petrudel [8], Tli¢ et al. [9] and Vetro and Radenovié [18]).

As a new generalization of Banach contraction, Wardowski [19] in 2012 gave the idea of
F-contraction. Thereafter, many authors generalized F-contractions in different ways (see
[6, 10, 15, 20] and references cited therein). Following this direction of work, Cosentino
and Vetro [3] found some fixed point results of Hardy-Rogers-type for self-mappings on

complete metric spaces or complete ordered metric spaces in 2014. Very Recently, Altun
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and Olgun [1] introduced the concept of F-contraction on vector-valued metric spaces.
Inspired by the foregoing observations, some existence and uniqueness fixed point re-
sults for F'-contractive mappings of Hardy-Rogers-Type on spaces equipped with vector-

valued metrics are obtained.

2 Preliminaries

In this section, to make our exposition self-contained, the relevant background material

needed to prove our result are presented.

Throughout this paper, Ry denoted the set of non-negative real numbers, by R™ the
set of m x 1 real matrices, by R’ the set of m x 1 real matrices with non-negative ele-
ments, by 0 the zero m x 1 matric, by M,,xm(R4) the set of all m x m matrices with

non-negative elements, by © the zero m x m matrix, and by I the identity m X m matrix.

Definition 2.1. Let A be a nonempty set and d : A X A — R"™ be a function. Then d is
called a vector-valued metric and (A, d) is said to be vector-valued metric space, if for all

p,q,r € X, the following properties are satisfied:
e d(p,q) =0 if and only if p = q,
e d(p,q) = d(g; p),
e d(p,r) = d(p,q) +d(q,r).

In 1964, Perov [12] proved the following theorem in an attempt to generalize the Banach

fixed point theorem:

Theorem 2.1. Let (A,d) be a vector-valued metric space and F : A — A be a mapping
such that there exists a matric U € M, ,,(Ry), such that:

d(Fa, Fb) = Ud(a,b)

for all a,b € X. If U is convergent to zero, then:

(1) F has a unique fized point in A, say o,

(2) for all ag € A, the sequence of successive approximations {an} defined by a, = Fagy
18 convergent to «,

(3) the following estimation holds:

d(an,a) = U™(I — U) Yd(ag, Fag).

In order to generalize Banach contraction principle, Wardowski [19] employed a new type

of auxiliary functions as under:

Definition 2.2. Let F' : R} — R™ be a function. For the sake of completeness, the
following conditions are considered:

(F1) F is strictly increasing in each variable, i.e., for all o = ()2, 8 = (Bi)i2, € R,
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such that o < B, and then, F(a) < F(8),
P _ 1 2 m m
(F2) For each sequence {a,} = (a%),a%), ...,a% )) of R

)

limy, 00 an =0 if and only if lim,,_, bgf) = —c0
for each i € {1,2,...,m}, where:
F((a,aD, ...;al™)) = (b0, b3, ... b0™).
(F3) There exists k € (0,1), such that lim,, o+ af3; = 0 for each i € {1,2,...,m}, where
F((a1,a2,...,am)) = (b1,b2, ..., by).

Let " denote the set of all functions F satisfying (F'1) — (F'3).

Utilizing above auxiliary functions, the following result was proved in [19]:

Theorem 2.2. Let (H,d) be a complete metric space and A : H — H. If there exists
7> 0 and F € §™ such that

d(Au, Av) > 0 = 7 + F(d(Au, Av)) < F(d(u,v)),
for all u,v € H, then A possesses a unique fixed point.

Following this direction of work, Cosentino and Vetro [3] gave some Hardy-Rogers-type
fixed point theorems for self-mappings on complete metric spaces or complete ordered

metric spaces. The main result of [3] is the following:

Theorem 2.3. Let (H,d) be a complete metric space and let A be a self-mapping on
H. Assume that there exist ' € §™ and 7 € RT such that A is an F-contraction of
Hardy-Rogers-type, that is,

T+ F(d(Aa, Ab)) < F(a.d(a,b) + B.d(a, Ta) + ~v.d(b, Tb) + 6.d(a, Tb) + L.d(b,Ta)),

for all a,b € H, Aa # Ab, where a + 4+ v+ 20 =1, v# 1 and L > 0. Then A has a
fixed point. Moreover, if a« + 6 + L < 1, then the fired point of A is unique.

Recently, Altun and Olgun [1] utilized the technique of Wardowski [19] and introduced

the following concept of Perov type F'-contraction on vector-valued metric spaces.

Definition 2.3. Let (H,d) be a vector-valued metric space and A : H — H be a map. If
there exists ' € " and 7 = (1;)72, € R}, such that:

7+ F(d(Aa, Ab)) = F(d(a,b)), (1)
for all a,b € H with d(Aa, Ab) = 0, then A is called a Perov type F-contraction.
The main result of [1] is as follows:

Theorem 2.4. Let (H,d) be a complete vector-valued metric space and A : H — H be a

Perov type F'-contraction. Then, A has a unique fixed point.
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3 Main Results
By considering the class of F™, the concept of Perov type F-contraction of Hardy-Rogers
type is introduced as follows:

Definition 3.1. Let (H,d) be a vector-valued metric space and A : H — H be a map. If
there exists F' € §™ and 7 = (7)[%; € R, such that:

7+ F(d(Aa, Ab)) < F(ad(a,b) + Bd(a, Aa) + vd(b, Ab) + dd(a, Ab) + Ld(b, Aa)),  (2)

for all a,b € H with d(Aa, Ab) > 0, then A is called a Perov type F-contraction of Hardy-
Rogers type.

By considering some different function F' belonging to F™ in 2, new type of contractions

on vector-valued metric spaces are obtained.

The main result of this paper runs as follows.

Theorem 3.1. Let (H,d) be a complete vector-valued metric space and A : H — H.
Assume that there exists F € §™ and 7 = (7)[%; € R} such that A is a Perov type
F-contraction of Hardy-Rogers-type, that is,

7+ F(d(Aa, Ab)) < F(ad(a,b) + Bd(a, Aa) + vd(b, Ab) + dd(a, Ab) + Ld(b, Aa)),  (3)
for all a,b € H, Aa # Ab, where « ++~v+26=1,~v# 1 and L > 0. Then A has a
fized point. Moreover, if a + 6 + L < 1, then the fized point of A is unique.

Proof. Let ag be an arbitrary point of H. Let {a,} be the Picard sequence with initial
point ag, that is,

a, = A"ag = Aayp—1,

for n € {1,2,3,...}. If a, = anp—1 for some n, then a, is a fixed point of A. Now, let

an+1 # ap, for every n € {0,1,2,...}. Assume that

d(ans1,an) = (WP, 0@ ul™) =u, for ne{0,1,..}

n

Then, for all n € {0,1,2,..} and for all i € {1,2,...,m}, we get

a&“ >0
In view of (10),
T+ F(u,) = 7+ F(d(an,an+1)) =7+ F(d(Tan-1,Tay))
=< F(ad(ap—1,an) + Bd(an—1,Tan—1) + vd(an, Tay) + dd(an—1, Tay) + Ld(an, Tan—1))
= F(a(up—1) + Bun-1) +v(un) + d(un—1 +un))

F((a+ B4 06)up—1+ (v +6).un)
That is,

74+ F((lD,u®, . ul™)) < F((a+ B+ 0).(ul a1 ul™)) + (r 4+ 6).(wlD, @, .y u™))

n—1s
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Due to the strictly increasing property of the function F,

(1),u(2), ...,uS{">) <(a+p+ 5).(u(1) u(Q_)l, ...,unn_l)l) + (v + 5).(u§}),u$?>, ...,ugm)),

n—17“n

for all n € N. The following is obtained from the previous inequality

ud < (ot B+ o)l + (v + oyuld
1—~y=86u® < (a+B+6u,
n = 1—~— (;unfl
(@)

u <
for all ¢ € {1,2,...,m} and n € N. Hence,
(T + F(u)) < Fuy),),

for all ¢ € {1,2,...,m} and n € N. This gives

F) = F@l) —(m)m,
< F(ul)) = n.(m)m, (4)
for all n € N and lim,,_, 4 F(usf)) = —o0. In view of (F2)

lim qu’ =0,
n—oo

for all ¢ € {1,2,...,m}. Now, from (F3), there exists k& € (0, 1), such that:
i Ok (g, ()Y —
Jim (w,,”)"F (u,”) = 0
for all 7 € {1,2,...,m}. From (4),

(@ F@®) — @) F(u)) < —(ud)en (), < 0. (5)

n n
Letting n — oo in (5),

Tim n(uf)* =0 (6)
for all i € {1,2,...,m}. From (6), we have n() € {1,2,...}, such that n(ugf))k < 1 for all
n>n, So,

’ 1
a%) S 1o (7)

n

=

for all n > ng = max{n® : i e {1,2,....,m}} -.
Consider p,q € N, such that p > ¢ > ng. Now, from (7) and the triangular inequality
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property for the vector-valued metric, following is obtained

d(ag,ap) = d(ag, ag+1) + d(ag+1, agy2) + ... + d(ap—1, ap)
ag + Qg1+ ... +ap—1

(@ + @) )y + o+ (@)

p—1 m o
- (5
r=4q i=1
()
=4 i=1
0o 1 m
(35)
r=4q i=1

IA

IA

Due to the fact that the series Y 2 ﬁ is convergent, so
d(aq,ap) — 6 as g — oo.

This shows that {a,} is a Cauchy sequence in (H,d). As H is a complete vector-valued
metric space, the sequence {a,} converges to some point p € H, that is, lim,, oo an, = p.
On the other hand from (F1) and (10),

d(Aa, Ab) = ad(a,b) + Bd(a, Aa) + vd(b, Ab) + dd(a, Ab) + Ld(b, Aa),
for all a,b € H, Aa # Ab. Therefore,
d(Aap, Ap) = ad(zp, p) + Bd(ay, Aay) + vd(p, Ap) + §d(an, Ap) + Ld(p, Aay);
that is:

d(p, Ap) = vd(p, Ap) + 5d(p, Ap)
d(p, Ap) = (v +0).d(z, Ap) < d(p, Ap),

which is a contradiction and hence Apy = p.
Now, to prove the uniqueness of the fixed point assume that A € H is another fixed
point of A, different from . This means that d(u, A\) > 0. Put a = g and b = X in (10),

7+ F(d(i,N)

T+ F(d(Ap, AX))

= Fad(p, A) + Bd(p, Ap) + vd(A, AX) + 0d(p, AX) + Ld(X, Ap)),
= F(ad(p, A) +6d(p, A) + Ld(X, 1))
= F(la+0+ L)d(p, ),
which is a contradiction since o + 6 + L < 1, and hence pu = A. O

As a first corollary of Theorem 3.1, taking « = 1 and § = v = § = L = 0, the main
theorem of Altun and Olgun [1] is obtained.
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Corollary 3.2. Let (H,d) be a complete vector-valued metric space and A : H — H.
Assume that there exists F € §™ and 7 = (7)7~; € R such that

T+ F(d(Aa, Ab)) < F(Bd(a, Aa) + vd(b, Ab)), (8)
for all a,b € H, Aa # Ab, where 5+~ =1, v# 1. Then A has a unique fixed point.
Proof. By puttinga=9d=L=0and f+v=1and  # 0, the proof is obtained. O

Corollary 3.3. Let (H,d) be a complete vector-valued metric space and A : H — H.
Assume that there exists I' € §™ and 7 € R such that

T+ F(d(Aa, Ab)) < F (;d(a, Ab) + Ld(b, Aa)) , 9)

for all a,b € H, Aa # Ab. Then A has a fized point in H. If L < 1/2, then we have
unique fized point of A.

Proof. By putting a = =~v=0and § = %, the proof is obtained. U

Corollary 3.4. Let (H,d) be a complete vector-valued metric space and A : H — H.
Assume that there exists I' € §™ and 7 € R such that

T+ F(d(Aa, Ab)) < F (ad(a,b) + Bd(a, Aa) + vd(b, Ab)), (10)

for all a,b € H, Aa # Ab, where a + 8 +~v =1, v# 1. Then A has a unique fized point
mn H.

Proof. By putting § = L = 0, the proof is obtained. O

64



‘Andrean Research Journal’ Vol. VIII, November 2021 Priya Shahi

References

(1]

Altun, I., Olgun, M., Fixed point results for Perov type F-contractions and an appli-
cation, Journal of Fixed Point Theory and Applications 22 46 (2020).

Banach, S.,; Sur les operations dans les ensembles abstraits et leur application aux

equations integrales, Fundamenta Mathematicae 3 (1922) 133-181.

Cosentino, M. and Vetro, P., Fixed Point Results for F-contractive Mappings of
Hardy-Rogers-Type, Filomat 28:4 (2014) 715-722.

Cvetkovié, M. and Rakocevié, V., Common fixed point results for mappings of Perov
type. Math. Nachr. 288 (2015) 1873-1890.

Cvetkovié, M. and Rakocevié, V., Extensions of Perov theorem, Carpathian J. Math.
31 (2015) 181-188.

Durmaz, G., Minak, G. and Altun, 1., Fixed points of ordered F-contractions,
Hacettepe Journal of Mathematics and Statistics 45 (1) (2016) 1521.

Dutta P. and Choudhury, B. S.; A generalisation of contraction principle in metric
spaces, Fixed Point Theory and Applications 2008 406368 (2008).

Flip, A.D. and Petrusel, A., Fixed point theorems on space endowed with vector
valued metrics, Fixed Point Theory and Applications 2010 2010 281381.

1lié, D., Cvetkovié, M., Gajié, L., Rakocevié, V., Fixed points of sequence of Ciri¢
generalized contractions of Perov type, Mediterr. J. Math. 2016 13 3921-3937.

Imdad, M., Gubran R., Arif, M. and Gopal, D., An observation on a-type F-
contractions and some ordered-theoretic fixed point results, Mathematical Sciences
11 (3) (2017) 247-255.

Jleli,M. and Samet, B., A new generalization of the banach contraction principle,
Journal of Inequalities and Applications, 2014(1) 38 (2014).

Perov, A. 1., On the Cauchy problem for a system of ordinary differential equations,
Pviblizhen. Met. Reshen. Differ. Uvavn. 2, (1964) 115-134.

Perov, A. I and Kibenko, A. V, On a certain general method for investigation of
boundary value problems, Izv. Akad. Nauk SSSR, Ser. Mat. 30 (1966) 249-264.(in

Russian)

Ri, S. I., A new fixed point theorem in the fractal space, Indagationes Mathematicae,
27 (1) (2016) 85-93.

Sawangsup, K., Sintunavarat, W. and de Hierro, A. F. R. L., Fixed point theorems for
FRcontractions with applications to solution of nonlinear matrix equations, Journal
of Fixed Point Theory and Applications (2016) 1-15.

65



‘Andrean Research Journal’ Vol. VIII, November 2021 Priya Shahi

[16]

[19]

[20]

Suzuki, T., A generalized banach contraction principle that characterizes metric com-
pleteness, Proceedings of the American Mathematical Society 136 (5) (2008) 1861
1869.

Varga, R. S., Matrix Iterative Analysis, Springer Series in Computational Mathemat-
ics, 27 Springer, Berlin (2000).

Vetro, F. and Radenovié, S., Some results of Perov type in rectangular cone metric
spaces, Journal of Fixed Point Theory and Applications 20 41 (2018).

Wardowski, D., Fixed points of a new type of contractive mappings in complete metric
spaces, Fixed Point Theory and Applications, 2012, 94 (2012).

Wardowski, D. and Van Dung, N., Fixed points of F-weak contractions on complete
metric spaces, Demonstratio Mathematica 47 (1) (2014) 146-155.

66



	Andrean Reasearch Journal (a).pdf
	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34

	Andrean Reasearch Journal-1.pdf
	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38

	Andrean Reasearch Journal-2 (27-12-21).pdf
	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36




